Research efforts in metaheuristics have shown that an intelligent incorporation of more classical optimization techniques in metaheuristics can be very beneficial. In this paper, we combine the metaheuristic ant colony optimization with dynamic programming for the application to the NP-hard k-cardinality tree problem. Given an undirected graph G with node and/or edge weights, the problem consists of finding a tree in G with exactly k edges such that the sum of the weights is minimal. In a standard ant colony optimization algorithm, ants construct trees with exactly k edges. In our algorithm, ants may construct trees that have more than k edges, in which case we use a recent dynamic programming algorithm to find-in polynomial time-the best k-cardinality tree embedded in the bigger tree constructed by the ants. We show that our hybrid algorithm improves over the standard ant colony optimization algorithm and, for node-weighted grid graph instances, is a current state-of-the-art method.
Introduction
The k-cardinality tree (KCT) problem-also referred to as the k-minimum spanning tree (k-MST) problem, or just the k-tree problem-is an NP-hard [13] combinatorial optimization problem which generalizes the well-known minimum weight spanning tree problem. In this paper we deal with a generalized problem version in which the given graph G can have both node and edge weights. More formally, let G = (V, E) be a graph with a weight function w E : E → IN on the edges and a weight function w V : V → IN on the nodes. We denote by T k the set of all k-cardinality trees (i.e., trees with exactly k edges) in G. Then, the problem consists of finding a k-cardinality tree T k ∈ T k that minimizes
where E(T ) and V (T ) denote the edges of the tree T and its nodes, respectively. The edge-weighted version of the KCT problem was first tackled by exact approaches [14, 8, 17] and heuristics [12, 11, 8] . Soon, the research focused on the development of more appealing metaheuristics: two evolutionary computation approaches [1, 4] , three tabu search methods [2, 15, 4] , different variations of variable neighborhood search (VNS) [18] and two ant colony optimization (ACO) approaches [7, 4] . Two sets of benchmark instances exist: one was introduced for the empirical evaluation of the VNS-based approaches in [18] , and the other one for the metaheuristics proposed in [4] . The variable neighborhood decomposition search (VNDS) algorithm proposed in [18] is the state-of-the-art method for the first set, and the ACO algorithm proposed in [7] is so for the second set.
Less results are known for the node-weighted KCT problem. Greedy-based heuristics were proposed in [12] , and the first metaheuristic approaches were presented in [5] . The only existing benchmark set for the node-weighted KCT, together with the currently best metaheuristic (a VNDS), are introduced in [6].
Our contribution. A polynomial-time dynamic programming (DP) algorithm for finding optimal k-cardinality trees in bigger edge-weighted trees was proposed in [16] . This algorithm was used in well-working heuristics for the edge-weighted KCT problem [12] . Recently, we extended this algorithm to be applied to the general (edge and/or node-weighted) KCT problem [3] . We show how a standard ACO algorithm (see [4] ) can be improved by applying the DP algorithm in [3] in the following way: Instead of producing k-cardinality trees, the ants produce trees with more than k edges. To these trees we then apply the dynamic programming algorithm in order to obtain the best k-cardinality trees embedded in them. Our experimental results show that our algorithm improves over the standard ACO algorithm for the KCT problem. Moreover, our algorithm is able to improve current state-of-the-art results for node-weighted grid graph instances.
The remainder of the paper is organized as follows. In Section, 2 we describe our hybrid algorithm. In Section 3, we present the experimental evaluation, before we conclude this work in Section 4.
